Introduction
The theory of the Selberg zeta function leads to asymptotic assertions about lengths of closed geodesics, known as Prime Geodesic Theorems, the first of which, for compact hyperbolic surfaces, is usually credited to Atle Selberg. In his 1970 Ph.D. thesis, Grigory Margulis generalised this result to surfaces of variable negative curvature, see [Hej76, KH95] . In number theoretical settings, more precise assertions, for instance estimates on remainder terms, are a vivid area of research, see [AG12, SY13] . Also, higher rank generalizations are possible [Dei04, DP08] . One possible application to number theory is in class number asymptotics [Sar82, Dei02, DH05] .
In the nineteensixties, Yasutaka Ihara started investigating a p-adic analogue of the Selberg zeta function, by now known as the Ihara zeta function [Iha66a, Iha66b] . It can be interpreted as a geometric zeta function for the corresponding finite graph, which is a quotient of the Bruhat-Tits buildung attached to the p-adic group [Ser03] . Over time it has been generalized in stages by Sunada, Hashimoto and Bass [Sun86, Sun88, HH89, Has89, Has90, Has92, Has93, Bas92, KS00]. Comparisons with number theory can be found in the papers of Stark and Terras [ST96, ST00, TS07] . In the p-adic case, there also is a prime geodesic theorem, see [Ter11] . The present paper contains an application to class number asymptotics in the spirit of the above cited papers, which can be stated as follows:
Let p be a prime number. For any subring O in a number field F let l p (O) denote the infimum of the set {k ∈ N :
where N F/Q is the norm map and the infimum is +∞ if there is no such k.
Let l be a prime number different from p and such that l ≡ 1 mod (12) and let I(l) be the set of all isomorphy classes of imaginary quadratic fields F such that the prime l is non-decomposed in F , i.e., there lies only one prime of F above l. Let O p (l) be the set of isomorphy classes of orders O in some 
It is the objective of the present paper, to give a proof of (a slightly more general version of) Theorem 1.1.
Division algebras
Let R be an integral domain and K its field of fractions. Let A be a finitedimensional K-algebra with unit. An R-order in A is an R-subalgebra Λ of A, which is finitely generated as R-module and spans the K-vector space A, i.e., KΛ = A.
We are going to apply this in the following situations:
• R = Z, K = Q in which case we simply say, Λ is an order in A,
, where p is a prime number and K = Q,
• R = Z p and K = Q p for a prime p.
If the algebra A is a number field F and O is an order in F , let I(O) denote the set of all finitely generated O-submodules of F . 
where d is a prime number, and let D(Z) denote a fixed maximal order in D. Note that all maximal orders in D are conjugate [Rei03] . For any ring R we define
, where Q p is the field of p-adic numbers and M d (K) denotes the algebra of d × d-matrices over a field K, [Pie82] . We include the case p = ∞ in which we write
Let S be the finite set of all primes, at which D doesn't split.
In the first case A = Q, in the last A = D. In the remaining case A is a field extension of Q of degree d, such that every p ∈ S is non-decomposed in A, i.e., there is only one prime of A above p. Further, if D(R) is a division algebra, which can only happen for d = 2, then the field A is imaginary quadratic. Every number field of degree d satisfying these conditions occurs as a subalgebra of D.
If d = 2 and S contains a prime l ≡ 1 mod (3) and a prime m ≡ 1 mod (4), then the only torsion elements of the group D(Q) × are the elements ±1. Further, if H is any subgroup of
If the set S satisfies the condition of the second part of the lemma, we say that the primes 2 and 3 decompose in D.
Proof. The first part of the lemma is standard. It can be pieced together from the information in Pierce's book [Pie82] . A proof for d ≥ 3, which also works for d = 2 can be found in [Dei02] , Lemma 2.1.
For the second part let d = 2 and let a ∈ D(Q) × tors . If a ∈ Q, then a = ±1 and we are done. Otherwise, the centralizer F of a in D(Q) is a quadratic number field. Now note that the only quadratic fields that admit non-tivial roots of unity are Q(i) and Q( √ −3), where the torsion elements are the 4th and 6th roots of unity respectively. These two fields are the only quadratic cyclytomic fields. We have to make sure that the conditions on S imply that these two fields do not embed into D. Any prime l ≡ 1 mod (3) is decomposed in the cyclotomic field Q( √ −3) by Proposition 8.5 in [Neu99] . Any prime m ≡ 1 mod (4) is decomposed in the Gaussian number field Q(i) by Theorem 1.4 in [Neu99] . From this the claim follows.
Let p be a prime not in S. Let F/Q be a number field of degree d which embeds into D(Q). Then for any embedding σ : F ֒→ D(Q) the set
Lemma 2.3. Let p be a prime not in S. Let σ : F ֒→ D(Q) be an embedding of the degree d number field F . Then for any l ∈ S, the order
Z l is maximal in the local field F l . Conversely, let Λ ⊂ F be a Z[1/p]-order such that for any l ∈ S the order Λ l is maximal, then there exists an embedding σ such that Λ = Λ σ .
The lemma follows from the analogous assertions for O as in Lemma 2.2 of [Dei02] .
For a given degree d number field F which embeds into D(Q), let S in (F ) be the set of all l ∈ S which are inert in F . Define the S-inertia degree by
where f l (F ) is the inertia degree of p in F . For any subring Λ of F let
Let Λ be a Z[1/p]-order in F , which is maximal at all l ∈ S. By Lemma 2.3 there exists an embedding σ : × is finite and has cardinality
Compare Lemma 2.3 in [Dei02] .
Proof. Fix an embedding F ֒→ D(Q) and consider F as a subfield of
Let U be the set of all u ∈ D(Q) × such that Λ u = Λ, i.e.,
Then F × acts on U by multiplication from the right and D(Z[1/p])
× acts by multiplication from the left. One has
So we have to show that the left hand side equals f S (Λ)h(Λ). For u ∈ U let
Then I u is a finitely generated Λ-module in F . We claim that the map
is surjective and h(Λ) to one. We show this by localization and strong approximation. For any prime l = p let U l be the set of all
We have to show the following:
for l ∈ S, the map ψ l is f l (F ) to one, (c) the map ψ is surjective.
For (a) let l / ∈ S, u l , v l ∈ U l and assume
holds, where k 1 ≤ k 2 . Replacing u l by yu l and v l by x −1 v l we may assume that z l equals the diagonal matrix. The assumptions then imply k 1 = 0 = k 2 , which gives the first claim. For (b) let l ∈ S and recall that F l is a local field, so h(Λ l ) = 1. Hence the claim is equivalent to
Taking the l-valuation of the reduced norm, one sees that the left hand side equals 2 if F l is unramified over Q l and 1 otherwise, i.e., it equals the inertia degree f l (F ) as claimed.
Finally, for the surjectivity of ψ let I ⊂ Λ be an ideal. We show that there is u ∈ D(Q) × such that
and
We do this locally. First note that, since I is finitely generated, there is a finite set T of primes with T ∩ S = ∅ and p / ∈ T such that for any l / ∈ T ∪ S the completion I l equals Λ l which is the maximal order of F l . For these l set u l = 1. Next let l ∈ S and write v l for the unique place of F over l. Then Λ l is maximal, so is the valuation ring to v l and I l = π k l O l for some k ≥ 0, where π l is a uniformizer at v l . In this case setũ l = π
. Let Λ l = Λ l /lΛ l and I l = I l /lI l . Then Λ l is a commutative algebra over the field F l with l elements, which implies that Λ l ∼ = s i=1 F i , where each F i is a finite field extension of F l . Let n i be its degree. Then there is an embedding Λ l ֒→ M d (F l ) whose image lies in
must be of the form
where ε i ∈ {0, 1}. Let S be a matrix in GL d (Z l ) which reduces to S modulo l and letũ
. By abuse of notation we also writeũ l for its reduction modulo l. Then we have
Then it follows that
and by Theorem 18.6 of [Pie82] we get that I l ∼ = Iũ l , which implies that there is some λ ∈ F l with I l = Iũ l λ. Replacingũ l byũ l λ and settingũ = (
By strong approximation there is an element u ∈ D(Q) × such that D(Ẑ)u = D(Ẑ)ũ and therefore I = I u .
The zeta function
We now restrict to the case d = 2, so D is a quaternion division algebra over Q, and we assume that the primes 2 and 3 decompose in D. We further assume that D does not split at ∞. For any ring R we write det : D(R) → R for the reduced norm. Note that this convention is compatible with the determinant, as for every field F , over which D splits, the reduced norm equals the determinant. We want to construct a group scheme G over Z such that G(F ) = D(F ) × /F × holds for every field. For this recall that we have fixed a maximal order D(Z) in D. Note that D(Z) is a free Z-module of rank 4. Let v 1 , . . . v 4 be a basis and note that the reduced norm det(X 1 v 1 + · · · + X 4 v 4 ) is a homogeneous polynomial of degree 2 in the variables X 1 , . . . , X 4 . The group scheme D × is given by the coordinate ring
and the coordinate ring we need is the ring of invariants
which is the subring generated by the elements
Lemma 3.1. The ring O G is the coordinate ring of an affine group scheme G over Z such that for every factorial ring R one has
Proof. The first claim is clear. We prove the second first in case of a field. Consider the exact sequence of group schemes
For any field K this gives an exact sequence of groups
where the last item is the Galois-cohomology, which vanishes by Hilbert's Theorem 90. This implies the claim for fields. Now let R be a factorial ring, so R is integral and has unique factorization. Write K for its quotient field and let χ ∈ G(R), so χ is a ring homomorphism from O G to R. By the first part of the proof, χ extends to a ring homomorphismχ : O D × → K. We show that this lift can be modified so as to have values in R.
If p is an irreducible in R which divides the denominator of χ(x i ), we replacẽ χ(x i ) by pχ(x i ) andχ(y) by 1 p 2χ (x i ) without changing χ, so we can assumẽ χ(x i ) to lie in R. Now ifχ(y) does not lie in R there must be an irreducible p dividing its denominator. But as the product is in R, p also dividesχ(x i ) 2 henceχ(x i ). So we can replaceχ(x i ) by 1 pχ (x i ) andχ(y) by p 2χ (x i ) and by repeating this procedure we arrive atχ(x i ) andχ(y) both lying in R.
We set Γ = G(Z[1/p]). By Theorem 3.2.4 in [Mar91] , the group Γ is a uniform lattice in G = G(Q p ) ∼ = PGL 2 (Q p ), i.e., Γ is a discrete subgroup of G such that Γ\G is compact.
Lemma 3.2. The group Γ is torsion-free.
Proof. Γ is a subgroup of D(Q)
× /Z[1/p] × which has no torsion elements by Lemma 2.2.
Keep the prime p / ∈ S fixed and let Y be the Bruhat-Tits building of G = G(Q p ). Then Y is a regular tree of valency p + 1, [Ser03] . The group Γ acts freely and discontinuously on the contractible space Y , so Γ is the fundamental group of the finite graph X = Γ\Y .
Lemma 3.3. No element γ = 1 of Γ is conjugate to its inverse.
Proof. As Γ is the fundamental group of the graph X, its conjugacy classes are in bijection with the homotopy class of loops S 1 → X. Not non-trivial loop in a graph is homotopic to its inverse.
Every element γ ∈ Γ {1} closes a geodesic on X, the length of which equals
where the minimum is taken over all vertices y in the tree Y and d(γy, y) is the graph distance. Consider γ as an element of G = PGL 2 (Q q ). A Z q -lattice in Q 2 q is a finitely generated Z p -submodule which generates Q 
By elementary divisor theory there exists a basis
In other words, there are A, B ∈ GL 2 (Z p ) such that
Or, again in other words, with F γ being the centralizer ofγ in D(Q) and O γ denoting the order F γ ∩ D(Z) we get that N Fγ/Q (γ) = p l(γ) m with m coprime to p. On the other hand, asγ ∈ O × γ , its norm needs to be in Z[1/p] × and so m = ±1 and as F is imaginary quadratic, finally m = 1.
An element γ of Γ is called primitive, if γ = σ n for γ ∈ Γ and n ∈ N implies n = 1. Note that every element γ = 1 of Γ is a positive power of a unique primitive element. From the above it follows that if γ is primitive, then
Note that if F is a quadratic subfield of D(Q), then F ⊗ Q R injects into the division algebra D(R), which implies that F is an imaginary quadratic field.
Let L(S) be the set of isomorphy classes of Z[1/q]-orders Λ in imaginary quadratic fields F , such that every p ∈ S is non-decomposed in F and Λ is maximal at every p ∈ S. We just found a natural map Ψ : Γ/conjugation → L(S)
given by ψ(γ) = Λ γ .
For a given Z[1/q]-order Λ in F let O Λ = Λ ∩ O F and let
where the minimum of the empty set is +∞ and N F/Q is the norm map. Proof. With Lemma 3.4 the theorem follows from the prime geodesic theorem as in Section 2.7 of [Ter11] .
